We consider the forward link of a multibeam satellite system with high spectral reuse and the novel low-complexity transmission and detection strategies from [1] . More specifically, we study the impact of a time offset between the antenna beams that cooperate to simultaneously serve a given user. Assuming Gaussian signaling, we provide closed-form expressions for the achievable rate region. It is demonstrated that, in the absence of timing information at the gateway, this region is not affected by a time offset. Our numerical results further show that, in case timing is known at the gateway, an offset of half a symbol period at both user terminals is optimal in terms of spectral efficiency.
I. INTRODUCTION
In search of novel technologies to meet the very high throughput demands of the envisaged integrated satellite-terrestrial communication networks of the future (such as 5G), the satellite community is looking at multibeam satellite communication systems with a frequency plan that is characterized by a very high level of spectral reuse [2] . In such systems co-channel interference, caused by neighboring beams that are transmitting within the same frequency band, is a major issue and interference management strategies are indispensable. The forward link of a multibeam satellite system where adjacent spot beam areas share the same frequency plan and polarization is shown in Fig. 1 .
With respect to the forward link, the interference management strategy that has received most of the attention so far is precoding at the gateway (GW). The precoding strategy basically consists in reducing the interference at the user terminals (UT) by predistorting the signal at the GW. The UTs then simply treat the residual interference as noise such that conventional demodulation techniques can be applied. Hence, all additional complexity is situated at the GW. Unfortunately, a massive increase in the amount of return signaling results from the fact that each of the UTs needs to quasicontinuously report to the GW about changes in the estimates (1 per beam) of the channel coefficients and the time offsets (TO). The use of inaccurate or outdated estimates can cause a significant performance degradation.
The last couple of years, multiuser detection (MUD) at the UTs has gained interest as a potential alternative for GW precoding [3] - [6] . The MUD strategy consists in jointly decoding the interference and the useful signal at the UTs. Since, by definition, the interference component does not contain useful information it is subsequently disregarded. As opposed to precoding at the GW, the technique leaves the GW transmission scheme unaltered. Hence, channel estimation and synchronization is, strictly speaking, only required at the UTs and there is no need for additional return signaling. 1 However, a major disadvantage of MUD is that it causes a large increase in UT complexity.
Only recently, a third approach has been proposed in [1] . The idea is to depart from the two extremes of precoding at the GW and MUD at the UTs and to develop novel low-complexity transceiver schemes that allow to exploit the co-channels interference to the users ' maximum advantage. The proposed strategies are based on splitting the user data streams in multiple substreams that are first independently encoded (each with their own rate) and then linearly combined (with different weights) to generate the different beam waveforms. The weight factors are selected to maximize a convenient metric (e.g., the system sum-rate) under given channel amplitude conditions and fixed per-beam power constraints. The UTs apply a convenient form of successive cancellation decoding (SCD) [7] . 2 It is clear that, at both sides of the communication link, the processing is modified. However, because the different substreams are independently encoded, the increase in complexity remains moderate. Also, the return signaling requirements are significantly relaxed as compared to precoding. This is because it suffices to feed back variations in the estimates of the real-valued channel amplitudes only and because the amplitude of a fixed satellite channel typically varies very slowly with time, especially as compared to the speed of the channel phase variations [9] . Assuming synchronous waveform reception and convenient user pairing, the potential of these schemes has been demonstrated [1] . However, with expected interbeam differential delays in the order of a few nanoseconds and tentative baud rates up to 1 Tbps [10] , (2) ,s (4) ) z y β w β (s (1) ,s (2) ) (s (3) ,s (4) ) Fig. 3 . Summary of SCD strategies at UTs β = 1, 2 in SC-SCD and NCRS when s (2) , s (4) is allocated to user i = 1, 2.
the reality of asynchronous waveform reception cannot just be a priori ignored. In some cases, the TO between the interfering waveforms that arrive at a given UT can be several symbol intervals long [9] , [11] . In this paper, we investigate the implications of such TOs on the achievable rate regions of the schemes in [1] : superposition coding with successive interference decoding (SC-SCD) and non coherent rate splitting (NCRS). It is shown that, if no TO information is fed back to the GW, the achievable rate region is the same as for zero TOs. On the other hand, if the GW knows the TOs, the most beneficial TO is 50% of a symbol period. The outline of the paper is as follows. Section II introduces the system model and the SC-SCD and NCRS transceiver strategies. Section III is devoted to computing the rate region of SC-SCD and NCRS in case there is a TO between the cooperating beams. Section IV presents numerical results. Section V summarizes the main conclusions and indicates some potential ideas for future work.
II. SYSTEM MODEL AND TRANSCEIVER STRATEGY
We consider a 2-color multibeam satellite communication system (see Fig. 2 ) in which beams are paired for the duration of a time slot in order to simultaneously serve two users, one in each of the corresponding spot beam areas. To this end, each beam sends the weighted sum of two symbol sequences. Provided that the beams are judiciously grouped in pairs, the interference from outside the pair can be reduced to a high extent.
Let 1 and 2 denote a pair of beams that simultaneously serves users 1 and 2. Beam 1 sends √ λ1s (1) + λ 1s (2) and beam 2 sends √ λ2s (3) + λ 2s (4) . Here,λi is a short-hand notation for (1 − λi), λ1 and λ2 are design parameters that take values in [0, 1), and s (j) ∈ C N ×1 , j = 1, 2, 3, 4, denote coded symbol sequences of size N with components s (j) [k] that are normalized to unit
Both beams transmit at the same symbol rate 1/Ts, with the same amount of energy Es per symbol interval and by linearly modulating an identical unit-energy realvalued even square-root Nyquist pulse with respect to the symbol period Ts. The signal received at UT β, β ∈ {1, 2}, can be written as
Here, h β,i represents the complex channel coefficient between beam i and UT β, w β (t) is additive white Gaussian noise with power spectral density N 0,β and τ β is the TO between beams 1 and 2 at UT β. Applying the signal received at UT β to a matched filter with impulse response p (t) and sampling the filter output at time instants t = kTs and at t = kTs + τ β for k = 1, 2, ..., N (1 sample per symbol and per beam) yields a sufficient statistic for the transmitted symbol vectors
[12]. We have:
with z β ∈ C 2N ×1 , w β ∈ C 2N ×1 a Gaussian noise vector with zero mean and co-variance matrix E w β w
a Wiener class Toeplitz matrix [13] with components (G (τ )) k,l = g ((k − l) Ts + τ ), where g (t) = p (u) p (u − t) du denotes the impulse response of the cascade of the transmit filter p (t) and the receive filter p * (t). In the special case where τ β equals 0, the first and last N components of z β are the same and as a consequence the first N components of z β are a sufficient statistic on their own.
The transmitter (Tx) and receiver (Rx) strategies adopted in the practical SC-SCD and NCRS schemes from [1] can be summarized as follows (see Fig. 3 ). For SC-SCD: -Tx: The information for one user is encoded in s (1) , s (3) , the information for the other user is encoded in s (2) , s (4) .
-Rx: One of the UTs adopts SCD, it decodes and cancels the interference signal components prior to decoding the useful signal components. The other UT only decodes the useful signal components. Without loss of generality we will assume that s (1) , s
is intended for the UT that performs SCD. On the other hand, for NCRS: -Tx: Private information for UT 1 (2) is encoded in s (1) (s (3) ).
Public information is encoded in s (2) , s (4) and can be allocated to either user. 3 , -Rx: Both UTs adopt SCD; s (2) , s
is decoded and canceled prior to decoding s (1) (at UT 1) or s (3) (at UT 2).
III. ACHIEVABLE RATE REGION ANALYSIS
In this section we compute the region of achievable rate pairs (R1, R2), with R β the information rate for user β, by finding the relevant mutual information rates from (1), when the transmitted symbol sequences are modeled as long sequences of independent unit-energy complex-valued Gaussian random variables as in [1] , [7] , [12] , [14] .
In general, the mutual information between two random vector variables x (send) and y (received), expressed in bit per vector x, is:
I (x; y) = E log 2 p (y |x ) p (y) ,
where E [.] is the expectation over (x, y). Similarly, the conditional mutual information between x and y given x , expressed in bit per vector x, is: I (x; y |x ), respectively, where N is the number of components in x, x and y, and N goes to infinity.
In both SC-SCD and NCRS, two symbol sequences are decoded by both UTs while the remaining two symbol sequences are decoded only by the intended UT. In SC-SCD, the latter 2 symbol sequences are intended for the same user, while in NCRS this is not the case. As s (2) , s
might be intended for either user, there are two achievable rate regions for given (h1,1, h1,2, h2,1, h2,2, λ1, λ2, τ1, τ2); the region that corresponds to the case where s (2) , s
is intended for user i will be denoted as Ri (H, λ, τ ), where i ∈ {1, 2}, H = h
T for β ∈ {1, 2}, λ = (λ1, λ2) and τ = (τ1, τ2). Using the short-hand notations s = s (1) , s
and s = s (2) , s (4) , we obtain for SC-SCD:
while for NCRS we have:
Relying on the Gaussian character of the symbol sequences and the noise, using the Schur complement and exploiting the asymptotic properties of sequences of Wiener class Toeplitz matrices [12] , [13] , we obtain the following closed-form expressi-
N →∞ s (1) ;y β |s and I N →∞ s (3) ;y β |s , β ∈ {1, 2}:
where γi,j = Es |hi,j| 2
N0,i
and
with G e j2πf Ts ; τ = e −j2πf τ
where G (f ) denotes the Fourier transform of g (t). Note that (2)- (5) do not depend on the integer part of
, nor on the sign of τ β , nor on the phases of h β,1 and h β,2 (the latter is one of the appealing features of SC-SCD and NCRS). It follows directly from the Nyquist criterion
= 1 that we obtain the same result as in [1] when τ1 and τ2 equal 0. Moreover, it can be shown that G e j2πf T ; τ ≤ 1, with equality for τ = 0. As for given f the integrand in (2)- (5) is an increasing function of 1 − G e j2πf T ; τ 2 , the corresponding mutual information is minimum at τ = 0. In the special case where G (f ) is strictly rectangular with support f ∈ − , G e j2πf Ts ; τ 2 = 1
independent of the value of τ such that we also obtain the same result as in [1] . The overall rate region that the system can actually achieve depends on the channel and TO information that is available at the GW transmitter. In [1] , it is generally assumed that the GW knows γi,j, (i, j) ∈ {1, 2}. If the GW also knows τi, i ∈ {1, 2} (which would require additional feedback signaling), the collection of achievable rate pairs is achieved as
where conv (X) denotes the convex closure of the set X in the (R1, R2) plane and R (H, τ ) > R (H, 0) for τ = 0. Moreover, in this case the GW can adjust the relative timing of the waveforms such that τ evolves towards the value that yields the best system performance [14] , [15] ; this would extend the rate region as follows:
However, if the transmitter has no information about the TOs τ1 and τ2, the rate selection needs to be performed based on the worst case scenario [12] and therefore the achievable rate region is only R (H, 0), which is the rate region for synchronous symbol reception from [1] .
IV. NUMERICAL RESULTS In this section, we present numerical results for the rate region R (H, τ ) for SC-SCD and NCRS, assuming a raised cosine pulse g (t) with roll-off ρ. In this case, 1 − G e j2πf T ; τ β 2 equals
and 0, otherwise. Fig. 4 and Fig. 5 depict R (H, τ ) / (1 + ρ), which is the achievable rate region in bits per second per Hertz (bps/Hz). Results are presented for several values of ρ, γ = (γ1,1, γ1,2, γ2,1, γ2,2) and |τ1| = |τ2| = nTs + τ Ts, with n integer and τ ∈ [0, 0.5]. Fig. 4 shows R (H, τ ) / (1 + ρ) for SC-SCD and NCRS, ρ = 0.2, τ equal to 0 or 0.4 and γ = (14 dB, 4 dB, 4 dB, 14 dB). Under these symmetric channel conditions NCRS is known to outperform SC-SCD [1] . For both schemes, the rate region is moderately larger for TOs equal to 0.4 (symbol asynchronous waveform reception) than for TOs equal to 0 (symbol synchronous reception), which is in line with our expectations. Fig. 5 shows R (H, τ ) / (1 + ρ) for SC-SCD, γ = (14 dB, 4 dB, 14 dB, 14 dB) and ρ ∈ {0, 0.2, 0.5} and τ ∈ {0, 0.2, 0.5}. For given ρ > 0, the rate region increases if τ increases. The largest rate region is achieved for τ = 0.5 , i.e., the case where the symbols from beam 1 arrive at both receivers precisely half a symbol period later than the symbols from beam 2. An intuitive explanation for this observation is that it is easier to separate two interfering signals as they are received in a more symbol-asynchronous manner; in that case, there is -so to speakthe lowest level of mutual interference. Hence, if TO information is available at the GW, it is beneficial to use a synchronization structure that strives for a TO of half a symbol period at both UTs. For given τ , the spectral efficiency decreases if ρ increases; however, the gains that are obtained with respect to the case of zero TOs increase for larger values of ρ.
V. CONCLUSIONS AND IDEAS FOR FUTURE WORK
In this paper, we have computed the achievable rate region for SC-SCD and NCRS [1] in the presence of a non-zero TO between the cooperating beams. Assuming Gaussian signaling, closed-form expressions are obtained for given sets of weight factors, TOs and channel coefficients. It is observed that these expressions do not depend on the integer part of the TOs, nor on the phase of the channel coefficients. It is further shown that for known TOs, the worst case time offset is zero; this is the case where the waveforms from different beams arrive at the UTs in a symbol-synchronous manner. As a consequence, if no TO information is available at the gateway, the achievable rate region is the same as obtained in [1] where zero TOs are assumed. To conclude, we point out that, whatever the assumed knowledge at the GW, a system can only achieve the predicted performance if the UTs (i) have complete and accurate channel and timing information at their disposal and (ii) fully exploit this knowledge. Hence, a study on the impact of parameter estimation errors on the achievable rate regions and an analysis of the implementation complexity of potential detectors for SC-SCD and NCRS in the presence of known TOs are interesting topics for follow-up research.
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